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I. INTRODUCTION 
A planar, simple pendulum with a stationary point of support has but a 
single stable equilibrium position, which is along the downward vertical 
sense. The dynamic stability of the inverted pendulum can be realized 
through the parametric loads that arise from the inertial forces induced in 
the pendulum when its point of support is compelled to move vertically in 
an oscillatory manner. If the motion of the support point is periodic in 
time, the response problem then becomes mathematically one of the 
solution of Mathieu’s differential equation, one which possesses a periodic 
coefficient. 
This means of stabilizing the inverted pendulum was investigated by 
Stephenson Cl-33 shortly after the turn of the century. In particular, he 
showed that if the pendulum’s point of support undergoes a small 
amplitude but high frequency oscillatory motion in the vertical direction, 
then the inverted configuration also becomes stable, and the pendulum 
performs small oscillations about this stabilized upward position. Since 
Stephenson’s investigations on the subject of induced stability, numerous 
other investigators [4-46] have studied the possibility of stabilizing the 
inverted pendulum and other related mechanical systems. Notable among 
the publications in which the possibility of stabilizing the inverted 
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pendulum is discussed are the book by Bogoliubov [S] and the paper by 
Kapitsa [ 91. 
The equation of motion of the inverted pendulum whose point of suspen- 
sion is driven harmonically in time in the vertical sense contains a periodic 
coefficient. The condition that determines the state of stability of the system 
is frequently derived by means of Floquet theory (see, e.g., Bolotin [47]). 
This procedure, which is typically complicated and laborious, can be 
avoided through the application of the method of averaging, which is 
described by Bogoliubov and Mitropolski [22, Chap. 51. These writers 
applied (pp. 4055408) a particular transformation to the non-linear equa- 
tion of motion. This serves to express the differential equation in a form to 
which the method of averaging may be applied. The process of averaging 
yields a differential equation that has only constant coefficients. The condi- 
tion for stabilization of the inverted pendulum is then easily determined 
from the averaged differential equation. Meerkov [17, 18-J has discussed 
this technique when applied to the vibrations of dynamic systems with a 
finite number of degrees of freedom. This technique has evoluted into what 
is now frequently called vibrational control theory. It consists of an analysis 
of the averaged equations of motion, where the objective is to stabilize the 
equilibrium configuration of a dynamical system through the application of 
the appropriate high frequency motion of its parameters. 
The present study is concerned with the possibility of stabilization of a 
non-conservatively loaded double pendulum. The stability characterics of a 
double pendulum with elastic hinges that is subjected to a constant 
follower force of magnitude P were studied by Ziegler [48]. He determined 
that such a system becomes unstable by flutter when the critical value of 
the load is exceeded. Herrmann and Bungay [49] examined the stability of 
Ziegler’s pendulum but assumed that the direction of the applied load P 
was determined by a parameter c( called the tangency coefficient. When 
CI = 0, the load is a purely conservative force, and when c1= 1 it is a tangen- 
tial or follower force. If c( < 0, the force is termed anti-tangential, if 0 < c1< 1 
it is sub-tangential, and if CI > 1 it is super-tangential. The system becomes 
unstable by divergence or flutter depending upon the value of the tangency 
coefficient. Later, Herrmann and Jong [SO] considered the same problem 
for the case in which the influence of viscous damping in the hinges was 
also included. Tso and Fung [Sl ] subsequently investigated the parametric 
instability of Ziegler’s pendulum under the combined actions of a purely 
tangential force (CI = 1) and sinusoidal base motion. In particular, they 
determined the conditions for instability in the non-resonance, parametric 
resonance, and combination resonance cases. 
Here, Ziegler’s double pendulum with elastic hinges and subjected to an 
externally applied force of magnitude P whose orientation is specified by 
the tangency coefficient t( is again considered. However, the base upon 
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which one extremity of the pendulum is elastically restrained is compelled 
to undergo a sinusoidal oscillation along the axis of the undeformed 
system. It will be assumed that the base motion is of small amplitude and 
high frequency. The goal is to stabilize the system by means of vibrational 
control. The equations of motion are linearized relative to the undeformed 
equilibrium configuration of the system, and the method of averaging is 
applied to the system of equations containing periodic coefficients in order 
to generate a simpler and more convenient system of equations with 
constant coefficients. This latter system serves for the purpose of easily 
computing the critical flutter or divergence loads for the system as a 
function of the tangency coefficient a. 
II. REVIEW OF THE METHOD OF AVERAGING 
Bogoliubov and Mitropolski [22] introduced a transformation that was 
appropriate for a particular non-linear differential equation. An extension 
of their approach to a class of finite dimensional physical systems whose 
motions are described by a system of second-order linear differential 
equations with periodic coefficients will be outlined in this section. 
Consider the system of differential equations 
@(t)+~D(t)@(t)+ [.c*B+~q(t)] cp(t)=O, (2.1) 
where E is a small parameter and D(t) and q(t) are known periodic n x n 
matrices. Moreover, it is assumed that 
D(r) = Do + Dl(t), 
and that Di(t) and q(t) have zero mean values, i.e., 
M{D,(t)} = Jii= (l/T) ITDl(r) dt=O, 
0 
(2.2) 
etc. 
In order to apply the method of averaging, Eq. (2.1) must first be trans- 
formed into a suitable form, namely, a particular type of system of lirst- 
order ordinary differential equations. For this purpose, it is convenient to 
introduce the transformations 
cp(f) = y(f) +&Q(t) y(t), Mt) =&Z(t) + &Q(t) y(t), (2.3) 
where Q(t) is an arbitrary n x n zero mean value matrix that must assure 
the periodic character of p(t). A condition that will serve for the determina- 
tion of Q(t) will be introduced later. 
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A differentiation of cp in Eq. (2.3) and rearrangement yield 
j’ = ERZ, (2.4) 
where 
R=(I+&Q)-‘, (2.5) 
with I denoting the identity matrix. The derivative of the j, expression in 
Eq. (2.3) is 
@=&i+&(ry+EQy, (2.6) 
and elimination of y with the help of Eq. (2.4) yields 
i= -(o+q)y-c(B+qQ+DQ+cBQ)y-c(D+QR)z. (2.7) 
To this point, the matrix Q(t) has been assumed to have zero mean vaue 
but has otherwise been left completely arbitrary. It is now required that 
so that Eq. (2.7) assumes the form 
i = -Euy - EVZ, (2.9) 
where 
U=B+qQ+DQ+cBQ, 
V=D+QR. 
(2.10) 
(2.11) 
Equations (2.4) and (2.9) are in the general form to which the method 
of averaging is applicable, namely, 
jr = ERZ, i = -Euy - EVZ. (2.12) 
The theoretical foundations of this technique are discussed in 
Ref. [ 17-22, 521. The average values of the matrices R, U, and V are 
defined to be 
R*=M{R}, u*=M{U}, v*=M{V}, (2.13) 
where the averaging operator M{ ... } was defined in Eq. (2.2). Substitu- 
tion of Eq. (2.5), (2.10), and (2.11) into Eq. (2.13) yields 
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R*=M{(I+cQ)-‘}, (2.14) 
U*=B+M{~Q)+M{DQ}+EBM{Q} 
=B+WqQ)+WD,@ (2.15) 
V*=M{D}+M{QR) 
=D,+M{QR}, (2.16) 
where D = D, + D,(t), Eq. (2.2), and M(Q(t)} = M{Q(t)} = 0 have been 
used. Now the averaged forms of the differential equations in Eq. (2.12) are 
$ = cR*z, i= -Eu* y - Ev*Z. 
But 
z = -Eu*jr - &V*i 
= -~‘u*R*z - &v*i . 
whence 
2 + EV*i + c2U*R*z = 0. (2.17) 
This is the important system of differential equations that the method of 
averaging generates. It is related to the original system in Eq. (2.1) that 
possesses time dependent (indeed periodic) coefficients. Even though this 
new system in Eq. (2.17) has constant coefficients, it still serves to furnish 
important information regarding the state of stability of the original 
physical system under consideration. Mathematically rigorous statements 
relating the trajectories cp of the original system and z of the averaged 
system have been reported by Meerkov [41, pp. 4124151. In particular, it 
can be stated that (i) llz(t) - cp(t)ll < E for all t in the interval [to, t, + l/s], 
(ii) if the system whose motion is described by Eq. (2.17) is asymptotically 
stable, then that described by Eq. (2.1) is also asymptotically stable, and, 
in addition, (iii) if the system whose motion is described by Eq. (2.17) is 
asymptotically stable, then Ilz(t) - q(t)11 < E for all values of t in the interval 
[I~,~ aI. 
It is possible to integrate Eq. (2.8) twice. Thus, a first integration leads 
to 
A second integration gives 
(2.18) 
QW=Q(O)+@O) f-J','(f--x)q(x)dx. (2.19) 
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Taking the averages of Eq. (2.18) and (2.19) one finds that 
= lim (l/T)JT(T-f)q(f)dt 
T-m 0 
(2.20) 
and 
= -a lim (l/T) 
T-m 1 
Q(0) T2- j’(T-r)‘q(f)df 
1 
. (2.21) 
0 
Once the constant matrices Q(0) and Q(0) have been evaluated from 
Eq. (2.20) and (2.21), respectively, the expression for Q(t) becomes com- 
pletely known from Eq. (2.19). 
EXAMPLE. Let Q(t) = [Q,(t)] and q(t) = [q&t)], where, for 
i, j= l(l)n, 
q,-(t) = sy sin t + lij sin(vVt), vij# 1, (2.22) 
the quantities sij, rii, and vii being known constants. The goal is to deter- 
mine Q(t) from Eq. (2.19). 
According to Eq. (2.19) and (2.22), it follows that 
Q,(l) = Q#) + C?,(O) t - 1: (t - x)[sij sin x + rii sin(vOx)] dx. (2.23) 
Equation (2.20) leads to 
Gu(0) = Jir+ym (l/T) Jo’ (T- t)[s, sin r + rii sin( dt 
= lim (l/T)[sij(T- sin T) + (r,j/vi)(v,iT- sin(vVZJ] 
T-c.2 
= sii + rli/vV. (2.24) 
From Eq. (2.21), it is found that 
Q,(O) = - Jima (l/T)[~~(l - cos T) + (r,/vS)( 1 - cos(vtiT)] = 0. (2.25) 
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Therefore, inserting Eq. (2.24) and (2.25) into Eq. (2.19), one has 
Q,(t) = (s,+ rti/vq) t-J’: (t - x)[sii sin x + rij sin(vUx)] dx 
= sii sin 2 + (r,/vi) sin(vUt). (2.26) 
III. THE EQUATIONS OF MOTION 
Consider now Zielger’s double pendulum mounted on a movable base of 
mass WI,. The base moves as a rigid body in the x- and y-directions as 
shown in Fig. 1. The xy-axes remain stationary, whereas the x’y’-axes 
translate with the movable base. The coordinates of the support point are 
(x,(t), y,,(t)) relative to the stationary origin 0. The mathematical model 
to be used here parallels that described by Herrmann [53]. The double 
pendulum consists of massless rods that carry masses m2 and m3 that are 
concentrated at their extremities. The rods are of length 1. Linear elastic 
hinges are present in the joints of the system. The associated rotational 
spring constants are designated c, and c2. The force of gravity acts in the 
direction of the negative y-axis. A force P of the follower type is applied at 
the free extremity of the double pendulum. The parameter c(, called the 
tangency coefficient, measures the degree of deviation of P from the vertical 
direction. A force F defined by 
F = F,i + F,j (3.1) 
is applied at 0’ to cause the base of the system to translate in the xy-plane. 
In Fig. 1, g denotes the acceleration of gravity, whereas cpi and ‘pz repre- 
sent the angular displacements of the two rods in the pendulum relative to 
the vertical axis. 
For the purpose of deriving the equations of motion, Kane’s method has 
been used (see Refs. [54-561). It is assumed that the motion of the double 
pendulum is such that 1~~1 4 1 for j = 1, 2, i.e., it undergoes small oscilla- 
tions about the translating vertical axis y’. In this situation the non-linear 
differential equations of motion of the system can be linearized relative to 
‘pl = (p2 = 0. The results of the linearization can be verified to be 
(m, + m2 + rn3) j;- + (m2 +m,) l@, + m,lqj2 + Pucp, = F,, (3.2) 
(m,+m2+m,)ji+(m,+m,+m,)g+P=F,,, (3.3) 
(m2+m,)lji+(m2+m,)12ii)Ii-m,12~2 
+ [cl +c,-PI-(m,+m,)l(g+j;)] cpl+(PZa--c,)cp,=O, (3.4) 
m,l~+m,E2~,+m,12~2-~2~, 
-Cc,-P/(1-a)-m,Z(g+j;)]cp,=O. (3.5) 
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FIG. 1. Coordinate systems for the double pendulum supported on a movable base. 
Next let 
m,=Sm, 
where 0 is a parameter and, as was done in Ref. [53], 
m2=2m, m,=m, c1=c.J=c. 
(3.6) 
(3.7) 
Moreover, if Fx and F,, are given as explicit functions of time t, then 
Eq. (3.2) to (3.5) represent four differential equations in the four unknowns 
x, y, cp,, and (p2. Suppose further that the translational displacements of 
the point of support x(t) and y(t) are known explicitly, namely, 
x(t) = 0, y(t)=y, sinQrL 
Under these assumptions, Eq. (3.2) to (3.5) assume the forms 
F,=3mlcj,+ml~,+Pacp,, 
F,=(3+a)mg+P-(3+6)yoQ~sinSZ,t, 
(3.8) 
(3.9) 
(3.10) 
409143 I-14 
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and 
3m12@,+m12@2+[2c-P1-3ml(g-yoO~sinSZ,t)]cp, 
+(Pla-c)cp,=O, (3.11) 
m12~il+m12~2-ccp~+[c-Pl(1-cr)-ml(g-y,4~sin~,t)]cp,=0. 
(3.12) 
The differential equations in Eq. (3.11) and (3.12) are linear and 
homogeneous. It is important to note that each of these equations contains 
a term in which a periodic coefficient appears. For the determination of the 
state of stability of the vibrationally controlled system, it suffices to con- 
sider only Eq. (3.11) and (3.12). These equations are particular cases of the 
more general system of equations stated in Eq. (2.1). However, if a small 
parameter can be introduced into the equations stated above, then the 
method of averaging can be applied, and the averaged system of equations 
in Eq. (2.17) can be employed for the determination of the conditions for 
stability. It is much more convenient to deal with the averaged equations 
than with those stated in Eq. (3.11) and (3.12). In the event that g = y, = 0, 
Eq. (3.11) and (3.12) become identical to those considered by Herrmann 
and Bungay [49]. 
It is convenient to put Eq. (3.11) and (3.12) into a dimensionless form. 
For this purpose, the following quantities are introduced: 
T=Q,t, E = Yd, 0; = gll, 
OJ = %llQ,.Y,, r = cl(mQf Y$, Q, = Pl/(mL?f yi). (3’13) 
Using Eq. (3.19) and combining Eqs. (3.11) and (3.12), one can easily 
express the dimensionless forms of the system of differential equations 
under consideration in the form required in Eq. (2.1), namely, 
Q(z) + [c2B + &q(t)] cp(z) = 0, 
since D(z) = 0, i.e., no damping terms have been included in the present 
analysis, where the elements of the B and q(z) matrices are 
B,, = (3r - Q, - 3c02)/2, B,, = ( - 2r + Q. + w2)/2, 
B,, = ( - 5r + Q, + 3w2)/2, B,, = [4r + (2cr - 3) Q. - 302]/2, 
3 
Sll = 7, s --1. 12- 23 s*, = -;, s22 = $3 
and 
(3.15) 
(3.16) 
q(z) = s sin r. (3.17) 
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Equation (3.14) is in the canonical form, so that the theoretical results 
developed in Section II can now be applied for the specific forms of the 
quantities stated in Eqs. (3.15) to (3.17). 
The intention here is to show that, when the point of support of the 
double pendulum is driven at small amplitude and high frequency, the 
critical value of the applied force can be raised, i.e., the system can be 
stabilized. 
IV. THE AVERAGED EQUATIONS OF MOTION 
In lieu of working with Eq. (3.14), which has periodic coefficients, it is 
desirable to determine the explicit form of the differential equation in 
Eq. (2.17) that has constant coefficients. To determine the quantities V* 
and U*R*, it is first necessary to evaluate Q(r). This has, in fact, already 
been accomplished in the Example in Section II. Equations (3.17) and 
(2.22) are equivalent if rii= 0 for all i and j considered. It follows from 
Eq. (2.26) that 
Q(r) = sq(z),’ (4.1) 
where 
q(r) = sin r. 
It is easily shown from Eqs. (2.14) and (4.1) that 
R* = M{ (I + mq(t))-‘} = M{ (I + &q(z))/G(z)}, 
where 
(4.2) 
(4.3) 
G(T) = 1 + 3&q(r) + 3&*q*(T)/2. 
Then from Eqs. (2.16) and (4.1) to (4.4), one finds that 
V*=sM{cj(z)R}=sM{q(z)[I+~s-‘~(T)]/G(T)} 
=sMMWW + EM{qW 4WG(4} = 0 
since 
(4.4) 
(4.5) 
M{cj(z)/G(r)} = ,‘Fx 11’ 4 
T o 1 + 3&q + 3E2q2/2 
dt 
2+d3+~hV) =. 
2 + Et3 - $) q(T) 1 
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and 
M{q(r) 4(7)/G(T)} = Jii, !. !” ” 
T 0 1 + 3&q + 3c2q2/2 
dt 
= & Jern f In [ 1 + 3&q(T) + 3E2q2( T)/2] 
- M(cj(z)/G(z)} =O. 
Now Eq. (4.3) yields 
R* = IM{ l/G(r)} + -w’M{q(z)/G(z)} 
=I-c(31-ss1)M{q(r)}+s2[(15/2)I 
-3s~'1 M{q*(r)} -s3[181 
-(15/2)s-‘1 M{q3(r)}+~4[(279/4)I 
- BP'] M(q4(T)} + O(c5) (4.6) 
in view of Eqs. (4.2) and (4.3), where the right side is the result of 
expanding the quantity l/G(r) in terms of the small parameter a. But 
WqW) = M{q3(41 = 0, 
qq*b)} = 1, M{ q”(T)} = $ 
Therefore, Eq. (4.6) is reduced to 
R*=I+a*[(15/2)1-3ss1]/2 
+ 3~~[(279/4) I- 18s~‘l/8 + @a’). (4.7) 
Because D,(r) = 0 and by virtue of Eq. (4.1), Eq. (2.15) becomes 
U* = B + s*M{ q*(r)} 
= B + s*/2. (4.8) 
Therefore, the product U*R* to a first approximation is, in view of 
Eqs. (4.7) and (4.8), 
U*R* = B + s2/2 + O(s*). (4.9) 
Neglecting the &*-term in Eq. (4.5), one has as the specific form of 
Eq. (2.17) for the problem under consideration 
Z+&‘Az=O, (4.10) 
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where 
A = B + s2/2 (4.11) 
with the matrices B and s being defined in Eqs. (3.15) and (3.16). The 
elements of the matrix A are obviously constants; specifically, the A, are 
A,, = (3 + 3r - Q,- 302)/2, A,, = - (312 + 2r - Q. - oi2)/2, 
A,, = - (912 + 5r - Q. - 302)/2, A,,= [3+4r+(2a-3)Q,-3c02]/2. 
(4.12) 
V. STABILITY ANALYSIS 
The determination of the state of stability of the sinusoidally driven 
Ziegler’s pendulum is based upon a careful examination of the eigenvalues 
associated with the system of differential equations in Eq. (4.10). 
A solution of Eq. (4.10) is sought in the form 
z = a&“‘, (5.1) 
where a is a constant column vector, i = (- 1)“2, and 1 is the eigenvalue 
(i.e., the dimensionless natural frequency of the system) to be determined. 
Substitution of Eq. (5.1) into Eq. (4.10) yields the system of homogeneous 
algebraic equations 
(1’1 - EVA) a = 0, (5.2) 
which has a non-trivial solution if and only if 
Det(,I’I - &‘A) = 0, 
whence, upon expansion, 
A4 - (s2/2)[7r + 6(1 -co”) + 2(cr - 2) Q,] A2 
+(s4/4){2(1-~)Q;+2[o’-3(1-a) 
x(1+r-~2)]Q,,+2~2-10~,2+6,4+9,2 
-9902+9/4} =o. (5.3) 
The forms of the dimensionless parameters in Eq. (3.13) were introduced 
for the purpose of expressing the system of differential equations in 
Eqs. (3.11) and (3.12) in the canonical form of Eq. (2.1). Now it is desirable 
to select a new set of parameters in order to conform more closely with 
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previously published investigations on non-conservatively loaded systems, 
such as those reported in Refs. [48-51, 533, for example. Therefore, the 
following definitions are made: 
Q = Pi/c, Y = wllc, ( = E = y,Jl 
Q = 152,(m/c)‘/2, CT=@-& Ci3;,=UA. 
(5.4) 
The quantity Q denotes the dimensionless load parameter, y the gravity 
parameter and u”, the natural frequency parameter. The quantity [ is a 
measure of the amplitude, and 52 is the dimensionless frequency of the 
vertical sinusoidal motion of the point of support of the pendulum. The 
product of [ and Sz is designated as a; it is a measure of the motion of the 
point of support. It is easily shown that r = l/a2, w2 = y/a2, and Q, = Q/C’. 
Using the quantities defined in Eq. (5.4), one can express the frequency 
equation in Eq. (5.3) as 
G4 - (c2/2)[7 + 6(a2 - y) + 2(a - 2) Q] 6’ 
+(14/4)(2(1-a)Q2+2[y-3(1-cr) 
x(1-y+a2)] Q+2-10y+6y2+cr2(9/2-y+902/4)}=0. (5.5) 
The value of the dimensionless critical divergence load Qd is determined 
from the condition of vanishing frequency (6 = 0). In this case, Eq. (5.5) 
becomes imply 
8(1-cr)Qf,+8[~-3(1-cr)(l-y+a2)]Qd+8 
- 40~ + 24y2 + 02( 18 - 36~ + 9a2) = 0. (5.6) 
This is a quadratic equation in Qd, so its solution can be determined by 
elementary methods. It is evident that the value of the critical divergence 
load depends only upon the tangency coeffkient, and the gravity and base 
motion parameters. 
The value of the dimensionless criticalflutter load Q, is determined from 
the condition of the coalescence of the two natural frequencies of vibration 
of the system, i.e., GI = G2. This implies that the discriminant of the 
quadratic equation in 6’ in Eq. (5.5) must vanish. Expansion of this 
discriminant leads to the following equation for Qr: 
4(2-2c(+a2) Q;+4(~1-8+44y-6~~) Q,+41 
- 44~ + 12~’ + ~‘(66 - 36~ + 270’) = 0. (5.7) 
Obviously, the value of Qr will depend upon the values of the tangency 
coefficient ~1, the gravity coeffkient y, and the support motion parameter 0. 
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If one sets y = CJ = 0 in Eqs. (5.6) and (5.7), they become equivalent to 
those reported by Herrmann and Bungay [49]. 
VI. NUMERICAL RESULTS 
In this section, the information regarding the state of stability of the 
double pendulum contained in Eqs. (5.6) and (5.7) will be extracted by 
analytical procedures, in so far as possible, and then by numerical com- 
putations. The goal is to plot stability diagrams, i.e., plots of the critical 
divergence and flutter loads versus the tangency coefficient CC. 
Equation (5.6) can be expressed as 
8(1-cc)&-8(b,-ab,)Q,+b,=O, (6.1) 
where 
b, = 3 - 4y + 3a*, b, = 3( 1 - y + a*), 
b,=8(1-5y+3y2)+9a2(2-4y+a*). 
(6.2) 
The solutions of Eq. (6.1) are easily shown to be 
Q~~={8(6,-crb2)-4~[2(b,-cth2)2-(1-cc)b,]1’2}/16(1-a), 
Qd2 = { 8(b, -cd,) + 4 $[2(6, - c&,)~ - (1 - tl) &]“‘}/16( 1 -IX). 
(6.3) 
Each expression in Eq. (6.3) represents a branch of the stability diagram. 
As will become evident later, it is useful to know for which value or values 
of CI will these two branches merge (Qdl = Qd2). This condition implies that 
2(b, - ab,)2 - (1 -a) b, = 0, 
which leads to the following quadratic equation in ~1: 
2b:a2+(6,-46,6,)a+26:-6,=0. 
The solutions CC,,, of Eq. (6.4) are given by 
36(1- y + a*)* c(, = 4(7 - 1 ly - 6a2) + 3a2( 18 - 16~ + 9a*) 
+ [8( 1 - 5y + 3~‘) + 9a2(2 - 4y + a2)]‘/2 
x [ 8( 1 - 2~) + 3a2(6 - 4y + 3a2)] ‘I*. 
(6.4) 
(6.5) 
Thus, the values of a, depend upon y and a in a rather complicated 
manner. In the event that gravity is absent (y = 0), Eq. (6.5) leads to 
lO+ 18a2+9a4 
a ml = 18(1 +a*)* ’ %I2 = 
1. (6.6) 
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When CJ = 0 (i.e., there is no vertical motion of the support point) it follows 
from Eqs. (6.6) that GI,~ = 2 and IX,,,* = 1, which are the values reported in 
Ref. [49]. In the other extreme as the value of 0 tends to infinity, Eq. (6.6) 
yields ~1,~ =4 and c.c,~ = 1. 
In analogy with Eq. (6.1) it is convenient to express Eq. (5.7) in the 
more compact form 
where 
4a,,Q; + 4(c( - b,) Q,+ c,, = 0, (6.7) 
a,=2-2ci+a2, bo=8-4y+602, 
co = 41 - 44~ + 12~’ + a’(66 - 367 + 270~). 
(6.8) 
The solutions of Eq. (6.7) are 
Q,= [b, - a f (a2 - 2b,a + b; -~,c,)~‘~]/2a,, (6.9) 
which provides two branches of the stability diagram in the aQ-plane. 
These branches can exist only if the radicand in Eq. (6.9) is positive. 
Limiting values of the tangency coefficient can be found when Qri = Qa, 
which implies that the radicand vanishes. This condition means that 
(co-1)a2+2(bo-c,)a+2c,-b;=O (6.10) 
must hold. But its solutions are 
a, = { 33 - 407 + 12~’ + 3a2(20 - 127 + 90’) 
f [41 - 44~ + 127’ + ~‘(66 - 36~ + 27a*)]“* 
x [9 - 127 + 4y2 + 3a2(6 - 4y + 3a2)] “‘}/ 
[40 - 44~ + 127’ + 0*(66 - 367 + 27a2)]. (6.11) 
If gravity is absent from the physical system under consideration, then 
y = 0 and Eq. (6.11) becomes 
3( 1 + c?)[ 11 + 90’ &- (41+ 660’ + 270~)“’ 
a, = 
(4+3a2)(10+9C?) . 
(6.12) 
If the point of support is stationary (a = 0), Eq. (6.12) yields 
a, = 3( 11 f a)/40 = 0.3448, 1.3052, 
which are the values reported in Ref. [49]. As the value of y tends to 
infinity, Eq. (6.12) in the limit leads to 
a, = 1 f 313 = 0.4226, 1.5773. 
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The expressions for the values of the critical divergence and flutter loads 
given in Eqs. (6.3) and (6.9) serve to furnish the stability boundaries in the 
aQ-plane that are plotted in stability diagrams. As a first set of stability 
diagrams, suppose that the gravitational force is absent (y = 0). Then the 
values of Qd and Qr become functions of only the tangency coefficient a 
and the support motion parameter 0. 
If the point of support remains stationary (a = 0), then the stability 
diagram becomes that reported in Ref. [49] and shown in Fig. 2. The 
various regions of the diagram are delineated by boundaries of the 
divergence, flutter, and stability zones, as labeled in the figure. This plot 
reveals that the smallest critical load for the system will be a divergence 
load as long as a < amI = $. Thus, even though the loading is non-conser- 
vative when a < a,,,, and a # 0, the system becomes unstable by divergence. 
For a,, <a < a, = 3( 11 + fi)/40, the smallest positive critical load is a 
flutter load. A tensile critical load can lead to divergence when a > 1, i.e., 
when the applied load is super-tangential. If a > 3(11 + fi)/40, then 
either a compressive or a tensile load of sufficient magnitude can lead to 
instability through divergence. 
For G > 0, it will be seen in Figs. 3 to 5 that the stability boundaries will 
be shifted away from those in the reference stability diagram in Fig. 2. In 
Figs. 3 to 5, the stability boundaries have been plotted for r~ = 1, 2, and 3, 
respectively, along with the boundaries for (r =0 for purposes of com- 
parison. For compressive critical loads, the numerical values are shifted 
higher along the Q-axis, whereas the boundary is displaced downward for 
tensile super-tangential loads. The effect of the displacement of the stability 
boundaries becomes more pronounced as the value of the support motion 
INSTABILITY ’ 
FIG. 2. Stability diagram for o = 0, y = 0. 
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FIG. 3. Stability diagrams for u = 1 (-) and 0 = 0 (-- -), with y = 0 
FIG. 4. Stability diagrams for CJ = 2 (-) and CT = 0 (- - -), with ;’ = 0. 
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FIG. 5. Stability diagrams for 0 = 3 (-) and o = 0 (---), with y = 0 
parameter c is increased. Clearly, for a given value of the tangency coef- 
ficient LX, the sinusoidal motion of the point of support of the double 
pendulum increases the value of the critical load, be it a divergence or a 
flutter load. 
To render evident the stabilizing effect of the method of vibrational con- 
trol when applied to this system, it is convenient to consider a couple of 
special values of ~1, namely, CI = 0 and IX= 1. When the load is conservative 
(a = 0), the system becomes unstable by divergence, and the value of its 
critical load can be calculated from 
Qdl = [6( 1 + a’) - (20 + 36a2 + 18a4)“*]/4, 
which is obtained from Eq. (6.3) when LX = y = 0. The variation of Qdl 
versus r~ as computed from this equation is plotted in Fig. 6. It is clear that 
the value of Qdl increases monotonically in a non-linear fashion as 0 is 
increased. Indeed, it can be shown that 
Qdl = (3 - J5)/2 + (30 - 9 fi) a2120 - 9 Jj a41400 + O(d) 
for small values of 0 and that 
Qd, = 3(2 - &)[02 + 1 - (2 +&)/18a*] + 0( 1/04) 
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FIG. 6. Variations of Q,, for a = 1 and QdI for a: = 0 versus (r with y = 0. 
for large values of 0. For the critical flutter load in the case of a purely 
tangential force (a = l), Eq. (6.9) leads to the expression 
Q,, = [ 7 + 6a2 - (8 + 1 8a2 + 9a4) “*l/2, 
when y = 0. The variation of Q,, with 0 is shown in Fig. 6. For large values 
of C, this formula leads to the expansion 
Qfl = 3a2/2 + 2 + 1/12a2 + 0( 1/04). 
It is clear that both Qdl and Q,, increase with increasing values of (T and 
that both vary asymptotically as cr*. Therefore, the method of vibrational 
control offers the potential of increasing the value of the critical load by a 
rather significant amount depending upon the value of the support motion 
parameter fr. 
A plot of the variation of ~1, as a function of u as determined from 
Eq. (6.12) is shown in Fig. 7. It reveals that the values of ati and IX,* 
increase monotonically and very slowly with the increasing values of the 
support motion parameter. 
Scrutiny of the flutter zone in the stability diagram shown in Figs. 2 to 
5 leads one to conclude that the value of the critical flutter load Q, attains 
a minimum value in the ccQ,-plane at which point a horizontal tangent 
exists. It is of interest to compute min Qr and the value of CC, say aM, at 
which this minimum occurs. To accomplish this objective, it will be 
convenient to use Eqs. (6.7) and (6.9). Differentiating Eq. (6.7) with respect 
to c1 and imposing the condition that dQ,/du = 0, one finds 
min Qr = l/2( 1 - CI~). (6.13) 
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FIG. 7. Variations of utl and utZ versus the support motion parameter (r for y = 0. 
The branch of Eq. (6.9) that is pertinent to the present goal is the expres- 
sion that contains the negative sign before the radical. If the derivative 
dQf/da of Eq. (6.9) is formed, then the condition dQ,/da = 0 leads to 
4(1-a,)minQ,=l+[(l-c,)a,+c,-6,-,1/R”*, (6.14) 
where 
R = (1 - cO) ah + 2(c, - 6,) aM + 6: - 2c,. (6.15) 
Substitution of Eq. (6.13) into (6.14) yields, after rearrangement, 
R”*=(l-co)aM+co-bo. 
Squaring both sides of this expression and rearranging the result, one finds 
(co-l)aZ,+2(b,-c,)a,+2c,-26,=0, 
whence 
aM = { 33 - 40~ + 12y* + 3a2(20 - 127 + 90’) 
+ [ (3 - 27)’ + 3a2(6 - 4y + 3a*)] L’2}/ 
{4(10 - lly + 37’) + 3a2(22 - 12~ + 90~)). (6.16) 
In the special case of the absence of the gravitational force (y = 0), 
Eq. (6.16) becomes imply 
3(1+a2) 9(1+a2) 
aM= 4+3a2 ’ 10+9a2’ (6.17) 
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The first of the values for clM in Eq. (6.17) pertains to the minimum. 
Therefore, with this value of clM, Eq. (6.13) becomes imply 
min Q, = 2 + 302/2, (6.18) 
2 
a remarkably simple result. Hence, if the support point remains immobile 
(a = 0), then min Q, = 2. Otherwise the value of min Q, increases with the 
square of the base motion parameter (T. 
It is possible to derive from Eq. (6.9) a relatively simple asymptotic 
expression for Qr as cr becomes very large. The process is very 
straightforward, so the details are not repeated here. The result can be 
shown to be 
Q,- 
3a2[2 - (6~ - 2 - 31x~)“~] 
2(2 - 2c! + a’) 
asa+co. (6.19) 
In particular, when CY = 1, i.e., the follower force is tangential, Qr- 3a2/2 as 
(T tends to infinity. 
When the value of the dimensionless gravity parameter y is positive and 
relatively small, the stability diagrams continue to resemble those in Figs. 3 
to 5, but now with the divergence boundaries displaced toward the a-axis. 
A transition in the forms of these boundaries occurs when the value of y 
reaches a particular level. This appears when the coefficient 6, in Eq. (6.1) 
vanishes. Thus, when 
b, = 8( 1 - 5y + 3y2) + 9a2(2 - 4y + a’) = 0, (6.20) 
Eq. (6.1) assumes the form 
whence 
Qd’o and &=3(1 -y+(r2)-y/(1-X). (6.21) 
Solving Eq. (6.20) for the transition values of y, say, yT, one finds 
yr = [ 10 + 90~ f (52 + 72a2 + 27~~)“~]/12. (6.22) 
Therefore, from Eq. (6.21) and (6.22), it follows that the second expression 
for Qd becomes 
QdT = 3( 1 + a’) + (3~ - 4)[ 10 + 9a2 + (52 + 72a2 + 27a4)“*]/12( 1 - a) 
(6.23) 
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for c( # 1. It should be noted from Eq. (6.1) that when CI = 1 then QdT = 0 
is the only solution. Now there is a value of the tangency coefficient CI, say, 
CI~, at which the value of QdT will vanish. From Eq. (6.21), this is easily 
shown to be 
cto= [3(1 +a2)-4y,]/3(1 +a~-yy,). (6.24) 
As a special case of the results shown in Eqs. (6.22) to (6.24) one has for 
CJ = 0 (the point of support is stationary) 
YT = (5 f @)/6, 
QdT = 3 + (3~ - 4)( 5 & &)/6( 1 - a), (6.25) 
cto = (9 f J13)/6. 
In particular for yT = (5 - @)/6 = 0.2324, it follows from Eq. (6.25) that 
txo = (9 - @)/6 = 0.8991. In Figs. 8 and 9, the plotted boundaries of the 
divergence zones are determined from QdT = 0 and 
QdT = 3 + (3~ - 4)(5 - &3)/6( 1 - ~1). (6.26) 
The boundaries for the flutter zone are computed as before. It may be 
observed from this figure that Qd =0 is a critical load when 
y = (5 - @)/6 and CJ = 0. This implies that the double pendulum will 
collapse under the weight of the concentrated masses. A new feature 
FIG. 8. Stability diagrams for 0 = 1 (---) and CT = 0 (- - -), with y = (5 - $?)/6. 
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FIG. 9. Stability diagrams for CJ = f (-) and c = 0 (- - -), with y = a. 
appears in this plot, namely, the aspect that for 0 = 0 the left-hand 
divergence boundaries are characterized by a pair of intersecting curves 
rather than a pair of branches that terminate in a point at which a vertical 
tangent exists. However, as soon as the point of support begins to oscillate 
at small amplitude and high frequency, the intersection feature disappears 
and the more familiar shape of the boundary is restored. To illustrate this, 
the divergence and flutter boundaries have also been plotted in Fig. 8 for 
the combination of parameters CT = 1 and y = (5 - ,/%)/6. Again, it is 
evident that the oscillation of the support point tends to improve the 
stability properties of the system. 
VII. CONCLUSIONS 
The method of vibrational control, as applied here, has been shown to 
be successful in stabilizing the double pendulum subjected to an external 
force of the follower type. The pendulum has restoring spring hinges at its 
point of support and at the point of connection of its two links. Since the 
point of support is made to oscillate vertically and sinusoidally at small 
amplitude and high frequency, the ordinary differential equations of motion 
of the system, when expressed in the proper form, can be subjected to the 
averaging process, which serves to replace the periodic coefficients with 
constant coefficients. This renders the equations of motion amenable to 
the elementary techniques of stability analysis and avoids the necessity of 
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dealing with coupled systems of equations of the Mathieu type and Floquet 
theory. 
To convert the original system of differential equations with periodic 
coefficients into a form suitable for the application of the method of 
averaging, a linear transformation was introduced in Eq. (2.3). The 
averaging process was shown to lead to a system of equations-see 
Eq. (2.17)-that has only constant coefficients. It has been reported by 
Meerkov [41] that certain stability properties determined from the 
averaged system are, in essence, a sub-set of those that can be derived from 
the original system with periodic coefficients. This observation then permits 
the drawing of conclusions regarding the stabilization of the double 
pendulum under consideration based upon the averaged system of 
equations of motion. 
It was shown in Sections V and VI that the shape of the stability boun- 
daries depends upon the gravity parameter and the induced support 
motion parameter CJ. It may be recalled from Eq. (5.4) that 
y = mgl/c and rs = yoQl(m/c)“*. 
Thus, (r is essentially the product of the amplitude y, and the frequency Q, 
of the motion of the point of support. Stability maps have been drawn for 
representative values of the parameters y and CJ to illustrate their effects 
upon the state of stability of the system. All the calculations reported here 
reveal that the values of the critical divergence and flutter loads for a given 
value of the tangency coefficient CI can be raised significantly by increasing 
the value of the parameter C. 
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